This paper is concerned with a geometrically nonlinear solid shell element to analyze piezoelectric structures. The finite element formulation is based on a variational principle of the Hu-Washizu type and includes six independent fields: displacements, electric potential, strains, electric field, mechanical stresses and dielectric displacements. The element has 8 nodes with 4 nodal degrees of freedoms, 3 displacements and the electric potential. A bilinear distribution through the thickness of the independent electric field is assumed to fulfill the electric charge conservation law in bending dominated situations exactly. The presented finite shell element is able to model arbitrary curved shell structures and incorporates a 3D-material law. A geometrically nonlinear theory allows large deformations and includes stability problems. Linear and nonlinear numerical examples demonstrate the ability of the proposed model to analyze piezoelectric devices.
Introduction
In the last decade smart materials and structures are increasingly applied to sensors and actuators in the field of precision systems and mechatronic and structronic systems, see e.g. [1] and references therein. Smart structural systems refer to a wide range of active materials. This paper is restricted to piezoelectric materials. Piezoelectric devices have an extensive variety of applications, which include micro electro mechanical systems (MEMS), see e.g. [2, 3] , up to applications to large civil infrastructures, see [4] .
Since the pioneering work of Allik and Hughes [5] many finite elements have been developed to analyze piezoelectric structural elements. A survey 1 of mechanical models and finite element formulations for piezoelectric beam, plate, shell and brick structures are presented in [6, 7] .
In recent years several new shell elements have been proposed, where piezoelectric constitutive relations have been included in the underlying element formulation. Some of these elements model a reference surface of the shell structure, see e.g. [8, 9, 10, 11, 12, 13, 14] , to mention a few. Several of these element formulations are restricted to shallow shell structures, [12, 13, 14] , where the initial shell curvature is assumed to be small. Due to the fact that the piezoelectric devices have traditionally laminate forms, the above mentioned shell formulations include a more or less sophisticated laminate theory. A survey of different laminate theories is given in [6] . The so-called solid shell elements circumvent complicated laminate theories by modeling the top and the bottom surface of shell structures. For each ply in a laminate one element is employed in thickness direction. Different shear deformations for each layer are allowed. Piezoelectric solid shell elements were proposed in e.g. [15, 16, 17, 18, 19, 20] .
All of the above cited piezoelectric shell formulations except [12] assume a geometrically linear theory for the shell kinematics. In the theoretical contributions of Tzou [21, 22] it is pointed out that nonlinear characteristics can significantly influence the performance of piezoelectric structures and systems. Pai et al. [23] investigate nonlinear dynamics with piezoelectric plates, where geometric nonlinearities lead to flutter and chaotic vibrations. Nonlinear piezoelectric circular shells with large amplitudes on the vibrating frequency are discussed in [24] . Geometrically nonlinear effects like buckling of plates and snap-through were analyzed in [22, 12] . The most nonlinear piezoelectric plate formulations [25, 21, 22, 24, 12, 26] use von Karman plate theory to account for geometric nonlinearities. The von Karman theory is a nonlinear theory of lowest order and does not cover all geometric nonlinearities. Due to the use of linear expressions for the curvature deformation the von Karman strains are restricted to moderate rotations. A geometrically nonlinear theory which incorporates large rotations is presented in [23] , which is limited to piezoelectric plates.
In the most of the piezoelectric models the electric field inside the actuator or sensor is assumed to be constant, which is in bending dominated situations not correct. Yang [27] showed that higher order potential variations through the thickness in a piezoelectric plate theory are necessary to capture the bending effects. On the basis of a first order shear deformation theory a quadratic assumption of the electric potential through the beam thickness is discussed in [28] . In the work on piezoelectric plates Benjeddou et al. [29] emphasized that a quadratic electric potential through the plate thickness satisfies the electric charge conservation law exactly. In finite element formulations for shells a quadratic approximation of the electric potential through the shell thickness is recently introduced in [8, 9, 10, 11] . A quadratic approximation leads in general to additional degrees of freedom. This holds also for [13] , in which a hybrid finite shell formulation with degrees of freedom for the electric potential and the dielectric displacements is proposed to fulfill the electric charge conservation law.
Hybrid and mixed approaches are also presented in [30, 31, 16, 17] . Miranda and Ubertini [30] discuss the fully compatible approach in comparison to a hybrid approach. For the hybrid approach they introduced a functional with four fields, the displacement, the mechanical stresses, the electric potential, and the electric displacements as independent variables. The electric field and the strains are derived from the constitutive equations. Sze and Pan [31] consider the most general variational principle which includes six field variables. Form this general principle they degenerate some variational formulations by eliminating some of the independent fields. The degenerated variational principles are employed to the finite element formulation. Sze and Yao [16, 17] proposed a hybrid finite element shell formulation for smart structures modelling. In [16, 17] three fields, the stress field, the displacements, and the electric potential are considered in the variational formulation, where the electric potential is assumed to be linear through the shell thickness.
In this paper a solid shell element for piezoelectric is presented. The main features and novel aspects are summarized as follows:
• The finite element formulation is based on the most general variational formulation principle of the Hu-Wahizu type and includes six independently assumed field variables. The variables are the stress field, the strain field, the displacements, the electric displacements, the electric field, and the electric potential. Each field is incorporated in the finite element formulation and is approximated with appropriate interpolations on element level.
• The electric potential is assumed to be linear through the shell thickness, which is in bending dominated situations not correct, as discussed above. To get correct results a bilinear approximation of the electric field through the shell thickness is assumed. This implicates an exact fulfillment of the charge conservation law in bending dominated situations. The bilinear approximation leads to additional internal degrees of freedom, which are eliminated by a static condensation on element level. No extra global degrees of freedoms appear in the presented finite element formulation. Furthermore it will be shown that a bilinear approximation is necessary to pass the important out of plane bending patch test.
• A complete geometrically nonlinear theory is presented. It allows large deformations and accounts for snap-through effects and stability problems. Due to the assumption of the linear constitutive equations, the model is only restricted to small strains.
• The presented finite shell element is able to model arbitrary curved shell structures and it is not restricted to shallow shells.
• The shell formulation incorporates a three-dimensional material law. There are no assumptions regarding the stress state and the admissible electric displacements on element level. Some common simplifying assumptions for the electric displacements are currently under discussion, if they are in accordance to dynamic investigations, see e.g. [28] .
Moreover the use of a three-dimensional material law is advantageous if material nonlinearities like domain switching effects should be implemented in the underlying shell formulation, see e.g. [32] .
• To improve the behavior of the low order hexahedral element some assumed natural strain interpolations, see [33] , [34] , are employed in the finite element formulation. Furthermore it is noted that a part of the independently assumed strains are interpolated in the same manner as proposed by Simo and Rifai [35] .
The outline of the paper is as follows: In Section 2 we introduce the gradient fields in a curvilinear description. For the strain measure a geometrically nonlinear kinematic assumption is employed. In Section 3 the constitutive relations between the stresses, dielectric displacements, the mechanical strains, and the electric field are presented. The variational principle is introduced in Section 4. Section 5 is concerned with the mixed finite element approximation. Section 6 provides the dynamic field problem and the discrete approximation in time. In Section 7 some linear and nonlinear numerical examples demonstrate the ability of the proposed model to analyze piezoelectric devices.
Gradient fields
In this Section the nonlinear Green-Lagrangean strains and the electric field are derived in convective coordinates. The parameters ξ 1 , ξ 2 are defined as in-plane coordinates and ξ 3 as thickness coordinate of the considered shell formulation. The position vector of the reference configuration B 0 and the current configuration B t are denoted by X and x = X + u, where u is the displacement vector. The covariant tangent vectors are defined as
The contravariant basis vectors are defined by the orthogonality
and g i · g j = δ j i , respectively. The deformation gradient is a map of the tangent spaces F (X) : T B 0 → T B t and is given in convective description as
where the summation convention on repeated indices is assumed. Introducing the metric coefficients g ij = g i · g j and G ij = G i · G j the components of the Green-Lagrangean strain measure read
and are arranged in a vector 
here the Young's moduli E 1 , E 2 , E 3 , the Poisson's ratios ν 12 , ν 13 , ν 23 
The stored energy function is defined as
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Variational formulation
In this Section a variational functional of the Hu-Washizu type with six independent fields is introduced as
are functions of the independently assumed quantities S, D,Ē, and¯ E. The body force b is defined in the reference configuration B 0 and t is the prescribed traction vector on the boundary ∂ t B 0 . The electric surface charge q is given on the boundary ∂ q B 0 and the electric charge density r is defined in the body B 0 . As usual we assume that 
The variation of the strains and the electric field result in
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The local Euler-Lagrange equations are obtained by integration by parts, consideration of Eq. (17) and the use of the divergence theorem in Eq. (18) as
where n is the outward normal vector on ∂B 0 and the Nabla-operator ∇ X refers to the reference configuration. Eq. (20) The weak form is with respect to the Green-Lagrangean strain measure nonlinear in the displacements and for more sophisticated materials the energy function W 0 is a nonlinear function of the gradient fields. To solve this equation iteratively within the finite element method the weak form is expanded in a Taylor series, which is truncated after the linear element
The superscript k denotes the iteration step. The linearization of the weak form results in
Here ΔE ij and Δ E i are defined similarly to Eq. (19) and
Furthermore it is noted that the body force b, the traction vector t, the electric charge density r and the surface charge q are constant and not functions of the displacements.
Remark:
If the conservation law of charge in material description is fulfilled one may show that
Here ∇ x refers to the deformed coordinates and r t = r det F is the charge density defined in the current configuration. For a detailed discussion see e.g. [36] .
Finite element approximations
The finite element approximation is constructed by dividing the whole domain in element domains with B = ∪ nelm e=1 B e , where nelm is the total number of elements. By means of the isoparametric concept the geometry, the displacements and the electric potential are approximated on element level (index e) as
The superscript h is the characteristic size of the finite element discretization and indicates the finite element approximation. The quantities X I , u I and ϕ I are the position vector, the displacement vector and the electric potential at the node I. For a hexahedral element with eight nodes, see Fig. 1 the trilinear shape function at the node I is given as
and
Arranging
, the virtual displacements and the electric potential are interpolated as
where δv
] is the virtual nodal vector with δv
The Green-Lagrangean strain components Eq. (3) are defined by the covariant metric coefficients. The approximation of the covariant basis vectors is given as
where N I , i is differentiated with respect to ξ i . Accordingly the metric coef-
With the covariant basis vectors at hand one may establish the transformation matrices (4) and (8) . For the approximation of the Green-Lagrangean strain components some assumed natural strain (ANS) interpolations are employed. To reduce transverse shear locking and to circumvent curvature thickness locking. In accordance with [34] an ANS interpolation for the convective thickness strain is applied to overcome curvature thickness locking. The ANS interpolation considers four collocation points, which are defined in convective coordinates ξ
and iv = (−1, 1, 0). Considering eqs. (30), (31) the thickness strain is evaluated at these points and is interpolated bilinear through the element. Values evaluated at the collocation points are denoted with superscript L = i, ii, iii, iv, see Fig. 1 .
To reduce the transverse shear locking in the case of distorted element geometries the ANS interpolations proposed in [33] Due to the ANS interpolations the brick element is not isotropic anymore. In particular, ξ 1 , ξ 2 are now the in-plane coordinates and ξ 3 is the thickness coordinate of the present solid shell element. With respect to the ANS interpolations the approximation of the cartesian strain components read
With respect to eqs. (7) and (9) the approximation of the electric field reads
Introducing 
In the linearized weak form Eq. (24) the quantity σ · Δδε appears, which is approximated as
where G IJ is defined for a node combination I and J as
Considering the ANS interpolations of [33] and [34] and the transformation matrix (5) the scalar G IJ is obtained as
iv L=i
13 where S h e is the approximation of the stress field S on element level.
Interpolation of the assumed strains and the electric field
The independent fieldε is interpolated by functions from the function spacē
(39) The matrices N E , M E , N E , and M E are defined as
The transformation matrix T E is obtained from Eq. (4) with a = 1 and b = 2 and J is defined by Eq. (8) . The superscript 0 indicates that the quantities are evaluated at element center with ξ 1 = ξ 2 = ξ 3 = 0. It is noted that according to Eq. (43) the approximation of the electric field¯ E is a bilinear function through the thickness. In Section 7.1.2 it is shown that this is necessary to satisfy the out of plane bending patch test. It is remarked that the interpolation (41) is defined in the same manner as the interpolation of the enhanced assumed strain field proposed by Simo, Rifai [35] . Therefore we refer to that part ofĒ as enhanced assumed strain (EAS) field; for a more detailed discussion see [38] . Due to the fact that the interpolations of the assumed electric field are constructed in a similar way, we refer to the gradient field which is interpolated with Eq. (43) as enhanced assumed gradient (EAG) field.
Interpolation of the assumed stresses and dielectric displacements
Let S h = [L 2 (B 0 )] be the approximation of the stress space S. The approximation of the assumed field σ reads
The matrix N S is given by Eq. It is noted that the interpolation for the assumed stress field S is similar to the interpolation which is used for hybrid stress brick elements based on the Hellinger-Reissner principle, see e.g. [39] . But in detail the formulations differ within the transformation strategy of the 18 independent parameters, see also [38] .
Approximation of the weak form and its linearization
Considering the above interpolations in eqs. (18) and (24) one obtains the following matrices
and vectors 
Taking into account that the finite element interpolations for the fieldsε, σ do not require continuity across the element boundaries a condensation on element level yields the element stiffness matrix and the right hand side
e a e + b e ) .
After assembly over all elements 6 Dynamic field problem and discrete approximation in time
In this Section the variational principle is extended for elastodynamic problems. It is noted that for the electric field quasi stationarity is assumed, which means that the change of the electric field in time t does not influence the field equations (22), (23) . The change of the displacement vector u(t) is denoted as velocityu(t) and the change of the velocity as accelerationü(t). Furthermore it is assumed that the body force b is now a function of time.
In particular we define
with b 0 is the constant body force, d 0 denotes the damping constant and ρ 0 is the density with respect to the reference configuration. According to Eq. (51) the strong form of equilibrium reads Div(F S)+b 0 −d 0u −ρ 0ü = 0. The weak form in the dynamic case is then obtained as 
With respect to Eqs. (45), (46) 
Due to the fact that α e , β e do not require inter-element continuity, the first two terms in (55) are supposed to be zero on element level, which determines
After assembling over all elements 
For the time integration the Newmark method with the standard parameters (β = 0.25, γ = 0.5) is employed.
Numerical Examples
The developed solid shell element formulation is implemented in a modified version of the program FEAP [40] . Some numerical examples are chosen to demonstrate the accurate behavior of the proposed element. Furthermore the examples demonstrate the ability of the present solid shell element to analyze piezoelectric devices. In the first example the ability of the present element to pass relevant patch tests is discussed. Well established patch tests from structural mechanics are extended for piezoelectric structures. Here we consider the membrane patch test and the important out of plane bending patch tests. The fulfillment of the patch tests is essential to ensure convergence with respect to mesh refinement. It is shown that a linear interpolation of the electric field through the thickness is not sufficient to pass the patch tests. In the second example the robustness of the proposed element formulation with respect to mesh distortion is demonstrated. In the third example a piezoelectric composite curved actuator is simulated. The results are compared to experimental data which confirms the applicability of the present element. The fourth example presents a curved piezoelectric structure within a dynamic analysis. A comparison with data from the literature verifies that the present element leads to correct results. Considering the geometrically nonlinear theory it is demonstrated that large displacement amplitudes arise in the case of vibration in eigenfrequency. Another geometrically nonlinear effect is the piezoelectric buckling of a plate, which is analyzed in the last example. An investigation of the post-buckling behavior yields that the piezoelectric buckling may be utilized for switching devices. The last example is concerned with an hemispherical shell subjected to an electrical load.
Patch tests
The patch tests are well known in structural mechanics, see e.g. [41] . Here, we adopt the classical mechanical patch tests and extend them to the piezoelectric finite element formulation. The test is fulfilled if the finite element formulation is able to reproduce constant stresses along with constant strains and a constant electric field for disturbed element geometries. In addition the piezoelectric element should be able to represent constant dielectric displacements. The patch tests are an important and necessary condition for convergence with respect to mesh refinement.
Furthermore we discuss the impact of the enhanced assumed gradient (EAG) interpolation (43) to the patch test. In detail three element formulations are considered, which differ in the interpolation Eq. (43) and are summarized in Tab. 1. The HSE-0 solid shell element has no enhanced assumed gradient for the electric field and therefore it is only possible to approximate an electric field, which is constant through the thickness. The element HSE-1 provides a linear interpolation whereas the present solid shell element HSE uses a bilinear interpolation through the thickness.
For shell structures it is distinguished between the membrane patch test and the out of plane bending patch test. In both tests we consider the element mesh illustrated in Fig. 2 , which was introduced in [41] . The boundary conditions are chosen as follows: at X 1 = 0 all displacements are fixed and at X 3 = −0.005 the electric potential ϕ is set to zero. The system is subjected to different nodal forces F u and F l , which are described below. For the calculation of the two patch tests a geometrically linear behavior is assumed.
For the sake of simplicity and without loss of generality we assume a solid shell element HSE-0
- Table 1 : Applied element type and the enhanced assumed gradient interpolations simplified piezoelectric material; the isotropic elastic material and the piezoelectric modulus are summarized in Tab. 2. 
Membrane patch tests
In this example we apply F u = F l = 3 · 10 4 N, which produces a constant stress in X 1 direction as S 11 = 1 · 10 8 N/m 2 . With respect to the above introduced material properties the problem is degenerated to a 1D problem, which is determined by two constitutive equations in X 1 direction These results are in accordance with the analytical solution, which confirms that the membrane patch test is passed. It is noted that the enhanced assumed gradient interpolation Eq. (43) is not necessary to pass this test.
Out-of-plane bending patch test
The purpose of this test is to receive a constant bending stress. Therefore the system is subjected to the loads F u = −1 · 10 5 N and F l = +1 · 10 5 N, which results in a stress constant in X 1 direction and linear in X 3 S 11 = −2 · 10 11 X 3 N/m 2 . An analytical calculation yields a tip deflection u 3 = 0.8 X 
It is noted that the analytical distribution of the electric potential is a quadratic function through the thickness. The reason therefore is that the applied couple force produces a linear stress distribution S 11 through the thickness. With respect to the constitutive equations (58) to approximate a linear distribution of¯ E 3 through the thickness. As a result the electric field is approximated as zero, see Tab. 5. Consequently the strain E 11 is overestimated to obtain the linear stress distribution S 11 , which leads to the pure mechanical solution without any piezoelectric coupling.
Bimorph
This is another geometrically linear example, which is employed to investigate the sensitivity of the present element with respect to mesh distortions. The cantilever beam with its geometrical data is depicted in Fig. 3 . The beam structure is formed by two piezoelectric layers. The layers are glued together, where the polarized directions are opposite in X 3 direction. Here we consider the finite element mesh introduced by Sze et al. [17] , where the mesh distortion is described by the parameter s. The system is loaded by a unit Voltage through the thickness, which produces a constant electric field of E 3 = 10 3 V/m. An analytical solution is proposed by Tzou [42] , who considered an Euler-Bernoulli beam theory. To assess the element accuracy by the beam solution, the Poisson's ratio is set to zero. The material data are summarized in Tab. 6.
Due to the fact the piezoelectric layers are polarized in opposite directions the applied electric field induces in one layer a tension stress and in the other layer a compression stress. In other words the applied constant electric field produces a bending behavior of the bimorph beam. In Tab. 7 the analytical tip deflection w of the cantilever is compared to the numerical results, which are computed with the present solid shell element for different distortion parameters s. It is noted that the solutions agree exactly, even for a highly Table 6 : Material data of piezoelectric PVDF (Polyvinylidene-Fluoride); not listed parameters are zero distorted mesh s = 50, in which all elements appear as triangles, see Fig. 4 . For the sensitivity of the element with respect to mechanical loading and mesh distortion see [38] .
analytical solution numerical solution Tzou [42] present element w s w 0.345 μm 1− 50 0.345 μm 
Curved piezoelectric composite actuator
In this example a lightweight piezoelectric composite curved actuator (LIPCA) is analyzed with the proposed geometrically nonlinear solid shell element; the results are compared to experimental data published in [43] . LIPCAs are manufactured as composites with different layers depending on the type of the LIPCA. The layup of the LIPCA-C1 is presented in e.g. [44, 45] and consists out of four layers: two Glass/Epoxy layers, one PZT Ceramic, and one Carbon/Epoxy layer. The stacked layers are vacuum bagged which results in an initial curvature. The cross section of the composite with the layup is depicted in Fig. 5 . The curved structure and the geometrical data are shown in Fig. 6 . The material data for the two epoxy materials and the material properties of the PZT-5A piezoelectric ceramic, see [43] , are listed in Tab. 8; values in thickness direction are assumed. Table 8 : Material properties and density ρ of the employed layers According to Yoon et al. [43] the experimental setup is designed to simulate a simply supported boundary condition, which is shown in Fig. 6 . The actuator is loaded by applying a power supply of ±50, ±100, ±150 and ±200 (400 Vpp; Volt peak to peak) at an operating frequency of 1.0 Hz. Yoon et al. [43] measured the vertical displacement amplitude in z direction at the center point of the actuator for each applied electric field. to be required to predict the nonlinear behavior. Due to the fact that the present solid shell formulation considers geometrical nonlinearities, the displacement response of the experimental data must be caused by some other nonlinearities or modeling differences.
Semicircular ring shell
The semicircular ring shell is a popular example for the dynamic analysis of piezoelectric curved structures and may be found in [19, 17, 15] . In the geometrically linear case the presented element verifies well known results form the literature. The geometrically non-linear case demonstrates that the present element is in contrast to the above cited formulations able to handle large deformations. The composite structure of the ring shell consists of an inner piezoelectric sensor layer, a steel ring and a piezoelectric layer at the outside, which serves as actuator. The geometrical data are presented in Fig. 9 and the material data are summarized in Tab. 9. Here the marked radius regards to the inner For the dynamic analysis the ring shell with the PZT layers is stimulate to oscillate in the first eigen-mode. Here an active control model is applied to control the amplitude. Within this model the voltage of the inner PZT layers are taken to be the input of the controllers which actuate the outer PZT layer opposite to the inner layer. The active control algorithm is summarized in the App. The controller gain is set to T ϕ = 0.2088 1 s and the passive damping is assumed to be d = 0.0002 kg/s. For this example the piezoelectric layers cover only the half steel ring in circumferential direction. An initial deformation is applied to the ring, which is exactly the scaled first eigen-mode with a tip deflection of 4 cm. The semicircular ring is modeled by 40 elements in circumferential direction. For the time integration a modified Newmark's method is employed. The HHT-method, see [46] , handles the numerical dissipation much better. Within this method the numerical damping is controlled by the parameter α = 0.05. The calculations are performed with a time step size of 2 · 10 −2 s. Fig. 10 shows the tip displacement versus time. For this geometrically linear example the comparison with Sze et al. [17] confirms a good agreement. In [17] the electric field in thickness direction is approximated as constant, whereas in the present element the electric field is approximated as a bilinear function in thickness direction, which is necessary to pass the out of plane bending patch test. However, it seems to have only a minor influence to this example. In contrast to [19, 17, 15 ] the present element is not restricted to geometrically linear examples. To produce large deflections the actuator (the outer PZT layer) is loaded by an electric potential ϕ(t) = 450 cos(2 πf 1 t) at the outside, where f 1 is the lowest eigenfrequency. At the inside of the actuator and the sensor the electric potential is set equals to zero. Within this example the piezoelectric layers cover the whole ring shell, which is modeled by 20 elements in circumferential direction. In Fig. 11 the displacement versus time is plotted and the deformed configurations are shown. The calculation is performed with Newmark's method and a time step size of 2 · 10 −2 s.
Piezoelectric buckling
In this example the buckling behavior of a piezoelectric plate is analyzed. Two load cases are considered a mechanical loading by a force and an electrical loading by an electric potential. To check the finite element model the numerical results are compared with analytical solutions for mechanical buckling. In the case of buckling induced by the electric field the numerical results are compared with those proposed in [26] . A square plate consisting out of six layers is considered; the layup and the geometrical data of the plate are given in Fig. 12 . The principal directions of the graphite epoxy plies lie in the X 1 -X 2 plane, where the angle is defined with respect to the X 1 axes, see Fig. 12 . The plate is modeled by 16 × 16 elements in-plane and 6 elements through the thickness. According to [26] the material data is summarized in Tab. 11. Due to the fact that the material constants in thickness direction are not required in the plate formulation of [26] , they are assumed in the present work.
Graphite The two load cases are depicted in Fig. 13 . The mechanical load n x is applied only in X 1 direction, where the plate is simply supported at the boundary in X 3 direction. For the electrical loading an electric potential is applied to the upper and lower surface of the piezoelectric layers; where all three displacements of the middle surface at the boundary of the plate are fixed, see Fig. 13 .
Two different electric conditions are considered for the mechanical loading n x . For the closed circuit (CC) the electric condition 0 V is applied to the top and bottom electrodes of each piezoelectric layer. For the open circuit (OC) the electric condition reads: the inner electrodes are grounded while the outer electrodes remain free. In Tab. 12 the critical loads n x for the first four buckling modes are listed and are compared with numerical results obtained in [26] and with analytical solutions of [47] . The results agree very well for the first three buckling loads, the slightly differences may be explained by the differences of the underlying formulations. The purely elastic analytical solution is based on the classical laminate plate theory. Also for the formulation proposed by Varelis and Saravanos constant shear strains through the thickness are assumed, whereas the present formulation allows different transverse shear strains for each layer. Furthermore, Varelis and Saravanos assumed a constant electric field for each piezoelectric layer which stands in contrast to the present work, in which a linear distribution is allowed. The latter argument may be the reason for the differences occurring for the fourth buckling mode in case of the OC electric condition.
Piezoelectric buckling is observed by increasing the electric potential up to a critical value. With respect to the coupling matrix, see Tab 11, an increasing negative electric field leads to negative values for the stresses in X 1 and X 2 directions, which cause a loss of stiffness. The first four buckling modes are calculated with the present solid shell element and are shown in Fig. 14 The work of [26] is restricted to calculate the critical loads and buckling modes. With the present formulation the post buckling behavior is analyzed. This is important if the piezoelectric plate is employed as a switch device.
Here we introduce such a device by modifying the geometry of the considered plate slightly as shown in Fig. 15 . The geometrical imperfection initializes the buckling direction, thus the stability problem becomes a pure bending problem.
-j The last example is concerned with a double curved shell structure. The hemispherical shell with an 18 o hole has an inner radius of 10 cm and is depicted in Fig. 19 . With respect to symmetry only a quarter of the shell is modeled by 32 by 32 finite elements in plane and 3 elements through the thickness. The edge of the hole is fixed in X 3 -direction. The system is loaded by applying an electric potential ϕ = 500 V at the inner and outer surface of the piezoelectric layers, see Fig. 19 . The material properties are defined with respect to the orthonormal basis system t i , which was introduced in Section 2. Here, t 1 acts in meridian direction, t 2 in circumferential direction and t 3 in normal outward direction. The material data are listed in Tab. 14.
A nonlinear calculation yields an radial displacement of the lower inner edge of 12.51 μm and a deflection in X 3 direction of −2.43 μm. Due to the loading conditions it is expected that the inner piezoelectric layer is expanded and the outer piezoelectric layer shrinks. This leads to a roll up effect of the lower edge of the hemispherical shell. The deformed structure is shown in Fig. 20. 
Conclusion
In this paper a geometrically nonlinear solid shell element to analyze piezoelectric structures is presented. The finite element formulation is based on the variational principle of Hu-Washizu and includes six independent field variables. The mixed formulation fulfills the electric charge conservation law exactly. A complete geometrically nonlinear theory is presented, which al-S 11 -2.0E-03 -1.3E-03 -6.8E-04 -1.4E-05 6.5E-04 1.3E-03 2.0E-03S
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The sensor is per definition load free, which leads to
For the negative velocity proportional feedback the electric potential of the actuator is defined as
Here, T ϕ is a control gain matrix. Substituting Eqs. (63) It is noted that D is not symmetric.
